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We present experimental data on the power-dependent shift in the ferromagnetic resonance frequency of
permalloy ribbons magnetized in plane. We find the sign of the shift depends on the strength of the applied
static magnetic field. For low applied fields, the power-dependent shift is upwards in frequency, while for high
fields the mode softens with increasing power. We summarize two theoretical studies that are qualitatively
compatible with this result. One is an analytic treatment of very thin films and the second a numerical
simulation of a thin rectangular prism.
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I. INTRODUCTION

The study of ferromagnetic resonance �FMR� in ferro-
magnets and ferrimagnets has provided us with deep insights
into nonlinear physics. In these materials, one can apply suf-
ficient power to drive the precession angle of the spins into
the large amplitude regime, where the nonlinear response
may be explored. Very soon after FMR was observed in yt-
trium iron garnet �YIG�, it was discovered1 that the reso-
nance saturated at surprisingly low power. This behavior was
explained in a remarkably quantitative manner by Suhl.2

Moreover, subsidiary absorptions are observed confirming
the presence of Suhl’s instabilities. An excellent summary of
these early studies and related theory can be found in a re-
view article by Patton.3

More recently, chaotic behavior has been observed in
FMR studies of YIG films.4 Since the spin Hamiltonian of
YIG is known in great detail, it is possible to carry out fully
quantitative studies of the chaotic response of these films and
compare with theoretical simulations. Theory and experi-
ment are in excellent accord. Also both bright and dark soli-
tons have been observed in feedback rings fabricated from
YIG,5 and chaotic solitary spin-wave pulses have also been
produced.6 Excellent summaries of nonlinear effects in fer-
romagnetic resonance studies of garnet materials are
available.7,8

Until recently9–12 studies of nonlinear phenomena via
FMR have been carried out in YIG or in closely related
materials. The reason is that their very narrow linewidths
allow access to nonlinear response at modest applied micro-
wave power. Nonlinear behavior can also be found in metals
for current-driven experiments where the effective damping
is significantly reduced through the spin-torque-transfer
effect.13 We have recently developed an experimental ap-
proach that allows access to nonlinear phenomena in metallic
films where the FMR linewidths are orders of magnitude
larger than in the ferrites. We utilize a microstrip geometry
with a small cross-sectional area that generates very large
oscillating microwave fields. We can attain driving fields as
large as 500 Oe compared to the 0.1 Oe realized in standard
FMR spectrometers. We can also measure FMR signals over

a wide range of frequencies. This opens up for study a much
wider range of materials, including metallic ferromagnetic
films such as permalloy. In such materials we can explore
nonlinear behavior far beyond the threshold limits described
by Suhl.

The reason for this large driving field is simple. The
Poynting vector, representing the power transmitted per unit
area, is proportional to h2. The majority of the energy is
contained just under the signal line. Thus, if the power level
is constant a reduction in the width of the signal line reduces
the area and increases h. For the same power level, wider
signal lines lead to smaller values of the oscillating h field.

In this paper, we present data obtained through use of the
structure just described on the power dependence of the
FMR frequency in permalloy ribbons. We find a most strik-
ing effect. The sign, and, not just the magnitude, of the
power-dependent shift depends on the strength of the applied
static magnetic field. For low applied fields, the FMR fre-
quency increases rather than softens with increasing power,
whereas for high applied fields the mode softens. It is the
case that such a nonmonotonic dependence of the power de-
pendence of the FMR frequency of an infinitely extended
thin film was predicted theoretically14 for the backward vol-
ume wave geometry.

In addition to the surprising results described above, we
also present an analytical description of the power-dependent
shift of the FMR frequency in thin films, and we present
numerical studies that illustrate the effect as well. One
should note that theoretical analyses of soliton propagation
in ferromagnetic films8 are based on a simple intuitive pic-
ture of the origin of the shift; in this picture, the FMR mode
only softens with power for all applied Zeeman fields. It is
necessary to analytically calculate or numerically study non-
linearities in the equations of motion of the spin system for a
sample of finite thickness to obtain a proper description of
the power-dependent shift.

II. EXPERIMENTAL RESULTS

In the experiments, we use a microstrip waveguide struc-
ture with a permalloy ribbon placed under the signal line as
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shown in Fig. 1. The fabrication was done with magnetron
sputtering, photolithography, and ion etching. First a
2-�m-thick Cu film was grown on a Si substrate. The re-
maining depositions, including 3 �m of SiO2, 70 or 300 nm
of permalloy, and then 2 �m of Cu, were carried out
through a shadow mask. The microstrip waveguide with a 6-,
9-, or 13-�m-wide signal line was then created using photo-
lithography and ion etching.

Microwave characterization of the structure was done us-
ing a vector network analyzer along with an external power
amplifier and a probe station. Measurements were carried out
in the 2–28 GHz frequency range with input power up to
+33 dBm �2 Watts�. An external static magnetic field, H,
was applied along the long axis of the waveguide structure.
A transverse microwave pumping field, hd, was applied par-
allel to the surface and perpendicular to the static field. The S
parameters as a function of frequency were measured. The
data were analyzed in order to extract the frequency depen-
dence of the FMR absorption �effectively the imaginary part
of the microwave magnetic susceptibility of the structure�.

Typical experimental data are presented in Fig. 2 for a
structure with a 70-nm-thick Py film and a signal line of
width 6 �m. Figures 2�a� and 2�b� show absorption peaks at
different input powers for low and high static applied mag-
netic fields. Figures 2�c� and 2�d� show the influence of input
power on peak position, defined as the absorption maximum,
and the magnitude of the FMR peak for different applied
fields. One can see the FMR frequency shift with increasing
power. It can be positive or negative, depending on the bias
field; at low fields the shift is positive, and at high fields the
shift becomes negative. The positive as well as the negative
frequency shifts always occur with the FMR saturation effect
�Fig. 2�d��, which we associate with the spin-wave paramet-
ric instability.

We studied a variety of structures with 300 nm of permal-
loy and with signal lines of width of 6, 9, and 13 �m. Typi-
cal results are presented in Figs. 3 and 4 for the structure
with a 9-�m-wide signal line. Figure 3 shows FMR absorp-
tion as a function of frequency for different static fields and
different power levels. The main results seen in Fig. 2 are
present here as well. At low static fields, the frequency shifts
upward as the power level is increased by up to about 2 GHz.
At higher static fields there is a downward shift in frequency
as power is increased, and the frequency shift is much
smaller in magnitude. We note that in addition to the FMR
absorption peak in these spectra, there is an additional peak
at higher frequencies which is associated with subsidiary

absorption.2 We have also made measurements on a similar
structure which contained a 100 nm Fe film with the same
general results.

Changing the width of the signal line does not change the
general features noted above. However, it does change the
power thresholds for the transition to nonlinear behavior. We
take this transition point as the power level at which the
FMR absorption amplitude begins to decrease. For example,
the lowest power thresholds for the 6-, 9-, and 13-�m-wide
permalloy ribbons �70 nm thick� are approximately −11, −5,
and −4 dBm, respectively. This is in agreement with the
discussion presented earlier showing that, for a fixed power
level, the h field decreases as the signal line is made wider.
Thus to obtain the same critical threshold field, hthr, one
needs to increase the power level.

Figure 4 summarizes the results for the structure with the
300 nm permalloy film and with a 9-�m-wide signal line.
The upper panel shows the relative changes in the FMR fre-
quency; the lower panel shows the change in the FMR ab-
sorption amplitude. Here the filled symbols represent the low
static field values �0.08–0.5 kOe� and the open symbols
show the results for the higher static field values �1–3 kOe�.

Si substrate

Cu (2 µµµµm)

SiO2 (3 µµµµm)

Magnetic film (70 – 300 nm)

Ground plane

Signal line

Dielectric layer

6 - 13 µµµµm Cu (2 µµµµm)

100 µµµµm

FIG. 1. �Color online� Schematic of the microstrip structure.
The thicknesses of the layers used in the experiment are:
Cu—2 �m, permalloy—70 or 300 nm, and SiO2—3 �m. The
width of the signal line in the experiments was 6, 9, or 13 �m.
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FIG. 2. �Color online� Experimental data: �a� and �b� are nor-
malized FMR absorption versus frequency for low H=0.5 kOe and
high H=3 kOe applied magnetic fields, respectively, at different
power levels. �c� and �d� show the relative FMR frequency shift and
normalized FMR absorption as a function of input power for differ-
ent bias fields.
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The difference between the two cases is particularly notice-
able in the frequency-shift data.

We do not observe any frequency shift �with accuracy of
35 MHz� associated with possible heating effects at high
power. To check for this, we made the following test. Mea-

surements were carried out by increasing the input power.
After a measurement at high power, under conditions where
the frequency shift is positive, we decreased the power and
made a control measurement at the lowest power. If the
sample had been heated, one would expect a negative FMR
frequency shift for the control measurement. However, we
did not observe any substantial shift for this case. Figure 5
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FIG. 3. �Color online� Experimental data for the structure with 300-nm-thick permalloy and a 9-�m-wide signal line: �a�–�f� are the
normalized FMR absorption versus frequency for different values of the applied magnetic field at different power levels.
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FIG. 4. �Color online� Summary of experimental results for the
300-nm-thick permalloy sample with a 9-�m-wide signal line: �a�
and �b� show the relative FMR frequency shift and normalized
FMR absorption as a function of input power for different bias
fields.
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FIG. 5. �Color online� FMR absorption as a function of fre-
quency for low-power level �linear regime�. The initial trace shows
the absorption before any high-power measurements. The final trace
shows the absorption, again at low power, after the high-power
measurements were taken. The difference between the two traces,
35 MHz, is much smaller than the measured shifts at high power.
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shows the FMR absorption for the 70 nm Py film with a
signal line of width 6 �m at low power, −12.2 dBm �linear
regime�, both before and after applying high power. There is
a very small shift, 35 MHz, which is probably due to a small
drift in the value of the magnetic field with time. We made
similar measurements on other structures and the measured
shifts were 35 MHz or less.

One can estimate the maximum temperature increase of
the system in a simple way. At resonance the magnetic sys-
tem effectively absorbs most of the microwave energy. This
raises the temperature of the system. We assume, for ex-
ample, that the increase in temperature is 10 K in the signal
line �i.e., Cu overlayer and permalloy�, and that this creates a
temperature difference of 10 K across the SiO2 which is
3 �m thick. Using the heat-transfer formula

q = k
dT

dx
�1�

with the heat-transfer coefficient of 1.7 W m−1 K−1,15 one
finds that q is 5�106 W m−2. Using the area of the signal
line, 6�10−8 m2, the total power that would be transmitted
across the SiO2 is 0.3 W. The maximum power absorbed is
about 1 W, however, this occurs only a small fraction of the
measuring time, less than 10%, as the frequency is scanned
across its entire range. Thus all of the power absorbed by the
ferromagnet is transferred to the ground plane and substrate
if the temperature in the signal is 10 K above ambient. This
clearly limits the maximum temperature increase in the fer-
romagnet to about 10 K. Such a temperature increase would
result in a nearly immeasurable decrease in the frequency of
approximately 4 MHz.

III. THEORETICAL CONSIDERATIONS

We comment on the origin of the frequency shifts. In a
macrospin model and in the linear regime, one expects the
frequency to always decrease as the power is increased. The
reason for this can be understood intuitively by the following
argument. In the linear limit the FMR frequency, f , is given
by the well-known Kittel formula. For a bar geometry with
magnetization in the z direction the result is

f = ���H + 4�Mz�Nx − Nz���H + 4�Mz�Ny − Nz�� . �2�

Here � is the gyromagnetic ratio, H is the applied field, Nx,
Ny, and Nz, are demagnetizing factors, and Mz is the z com-
ponent of magnetization. An increase in driving power is
expected to increase the precession angle, thus reducing Mz
and reducing the frequency.8 In fact, this behavior is seem in
the experiments when the applied field is large and the mag-
netic system is all nearly aligned with the external field, i.e.,
the system is close to that of a macrospin.

However, the positive frequency shift seen in the experi-
ment is incompatible with this simple picture; for the present
geometry only a softening with increased power would be
expected for all external magnetic fields. We conclude that
the macrospin model is not appropriate at low fields and that
spatial variations in the magnetization play an important role.
Below we describe our theoretical studies that display a sign

change in the field dependence of the power-dependent FMR
frequency similar to the experimental data just presented.

We first consider an in-plane magnetized thin film of
thickness D and examine spin waves with wave vector k in
the regime kD�1. We have derived the power dependence
of the spin-wave frequency for two propagation directions,
parallel to the magnetization, the so-called magnetostatic
backward volume wave �MSBVW� geometry, and perpen-
dicular to the magnetization, the magnetostatic surface wave
�MSSW� geometry.3 The spins precess in the presence of a
static applied magnetic field H0 in combination with the di-
polar field h�dip�r� , t�=−�� �M�r��exp�−i�t� generated by the
spin motions. We perform a perturbation theoretical analysis
of the nonlinear equations of motion and associated bound-
ary conditions by expanding all quantities in powers of the
amplitude of the spin motions. Thus we write

�M�r�� = �M
�1��r�� + �M

�2��r�� + �M
�3��r�� + ¯ �3�

and similarly for the transverse components of spin ampli-
tude �m	�r���. Here �M

�i��r�� is proportional to the amplitude of
the transverse magnetization to the power i. To find the low-
est order power-dependent shift to the spin-wave frequency
in a perturbation calculation, one must take the quantities
��M

�2��r�� ,m	
�2��r��� to second order and ��M

�3��r�� ,m	
�3��r��� to first

order. The former, viewed in microscopic language, corre-
spond to the three magnon interaction taken to the second
order of perturbation theory and the latter the four magnon
interaction taken to first order. These two pieces contribute to
the same order in the amplitude of the spin motion. The
analysis is very lengthy and will be described elsewhere.14

For the MSBVW case, we find that when kD�1 the spin-
wave frequency is given by


�
2�k� = B0H0 − 2�MSH0kD

− ��m�
�0�/MS�2�MS/B0��B0 + H0��H0 − �MS� �4�

and for the MSSW geometry


�
2 �k� = B0H0 + 8�2MS

2kD

− �3�/2��m�
�0�/MS�2MSH0�B0 + H0�/B0. �5�

In these expressions, MS is the saturation magnetization, B0
=H0+4�MS, and m�

�0� is the component of the dynamic
magnetization parallel to the film surfaces. We see that for
propagation parallel to the magnetization, for low applied
fields the spin wave stiffens with power, whereas when
H0��MS the mode softens with power. In the MSSW ge-
ometry we realize only softening. The physical origin in the
difference in the formulas for the two cases is that in the
MSBVW geometry, the spin-wave eigenvector has its maxi-
mum in the center of the film, so saturation first appears near
the center of the film as power is increased. In contrast, for
the MSSW geometry, there are maxima in the eigenvectors at
the film surfaces, so saturation first occurs near the surfaces.
Both power-dependent corrections are independent of wave
vector in the limit considered. Formally, the power-
dependent corrections are nonanalytic in the wave vector as
k→0, in that they depend on the direction in which the wave
vector approaches zero. Such behavior is encountered com-
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monly in the presence of long-ranged dipolar couplings be-
tween the spins. For instance, the group velocity of spin
waves in linear theory is independent of the magnitude of the
wave vector when k→0, but both its sign and magnitude
depend on the direction of approach to the origin.

In the experiments, the spin waves propagate parallel to
the magnetization for the in plane-magnetized samples.
However, the change in sign of the experimentally observed
power-dependent shift occurs somewhat below �MS. The
films in the experiment have finite width W, of course. In
such ribbons, in the magnetostatic limit the edges of the rib-
bon act as pinning centers even in the absence of surface
anisotropy.16 The spin wave that propagates down the film
may be regarded, to good approximation, as an appropriate
superposition of two plane waves with wave vectors in the
plane of the film k�� = ẑk� x̂�� /W�, i.e., as a superposition of
two plane waves each with wave vector canted away from
the direction ẑ of the magnetization. Since we find only soft-
ening with power for the MSSW case, it is plausible that for

waves that propagate with wave vectors canted with respect
to the magnetization, the crossover from power-induced stiff-
ening to softening occurs below �MS.

We have also carried out numerical simulations of the
power-dependent FMR frequency for model samples in the
form of rectangular prisms. We proceed by integrating in
time the Landau Lifschitz Gilbert equation

�M�

�t
= −

	�	
1 + 	2
M� � H� eff −

	

MS
M� � �M� � H� eff�� , �6�

where H� eff includes the Zeeman field H0, the exchange field,
static, and dynamic dipolar fields and finally the microwave
driving field which has frequency 
.

Numerical results for FMR in a 100-nm-thick, 1920-nm-
long, and 960-nm-wide Py sample are presented in Fig. 6.
We have calculated power absorbed by evaluating the inte-
gral

P =
1

T�
0

T

dt�dM� �tot��t�/dt� · h�ext�t�� . �7�

There are issues in the study of the nonlinear response. First
there are initial transients at each new frequency, and one
must wait for these to die down before calculating the ab-
sorption. Second, because the system is nonlinear, not all
relevant behaviors are evident in a single period. One must
thus collect data over many periods after transients die out.
We have averaged over both 60 and 200 periods; the differ-
ences are generally small.

Figures 6�a� and 6�b� present absorption as a function of
frequency for different oscillating field h values. It is not
possible to make a direct comparison with the experimental
data because the dimensions of the structure are not known
exactly and the wave attenuates as it propagates so the value
of h decreases along the waveguide. As a guide, however, we
note that the power levels of 3.6, 19.3, and 31.2 dBm corre-
spond to approximate field values of 10, 80, and 250 Oe for
a 9-�m-wide signal line.

Qualitative agreement between theory and experiment is
quite good. We clearly see the upward shifts in the FMR
frequency for small applied magnetic fields, and the soften-
ing at large fields. The quantitative agreement is also reason-
able. The frequency shifts in the experiment are on the order
of up to 2 GHz, at for low static fields, and same values are
found in the numerical simulation.

We note that in our numerical studies the ground state
differs for high and low fields. For high fields the structure is
a “flower state17” where the magnetic configuration is nearly
uniformly magnetized while for lower fields it is an “s state”
where there has been an edge-nucleated transition and the
spins at the edges are nearly parallel to the edge rather than
perpendicular as in the high-field case.18 In the analytic study
of the infinitely extended thin film, the ground state is uni-
formly magnetized always. Also in the finite sample in our
simulations, in addition to extended standing wave modes,
one has edge and corner modes which mix in with FMR
mode with increasing power. The edge and corner modes
often have frequencies well below the FMR mode. The pres-
ence of such modes and their role in the power-dependent
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FIG. 6. �Color online� Theoretical results: �a� and �b� are FMR
absorption vs frequency for low H0=0.5 kOe and high H0

=2 kOe applied magnetic fields, respectively, at different power
levels. �c� and �d� show the relative FMR frequency shift and maxi-
mum normalized FMR absorption as a function of power for differ-
ent Zeeman fields. Because of the significant computational de-
mands, these calculations were done with large cells, 15�15 nm2

in the plane of the sample. Limited sets of calculations were done
with much smaller cells �8�8 nm2� and show the same general
behavior.
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shifts is not incorporated in the infinite extended film study,
of course.

IV. SUMMARY

In this paper, we have described an approach which al-
lows us to study nonlinear effects in permalloy films. For
in-plane magnetized films and for small static magnetic
fields, the FMR frequency increases with power, whereas in
high applied fields, frequency softening is observed. These

results are in qualitative agreement with an analytic study of
power-dependent frequency shifts of long-wavelength spin
waves in infinitely extended thin ferromagnetic films and in
semiquantitative agreement with the results of numerical
simulations of the nonlinear response of thin rectangular
prisms.
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